Abstract. The generating chromatic number of a group G, χ gen (G), is the maximum number of colors k such that there is a monochromatic generating set for each coloring of the elements of G in k colors. If no such maximal k exists, we set χ gen (G) = ∞. Equivalently, χ gen (G) is the maximal number k such that there is no cover of G by proper subgroups (∞ if there is no such maximal k).
General properties and the case of infinite chromatic number
Results in this section with no reference are folklore. All group theoretic background used in this paper can be found, for example, in [3] . We study the following Ramsey theoretic notion. Definition 1.1. The generating chromatic number of a group G, χ gen (G), is the maximum number of colors k such that there is a monochromatic generating set for each coloring of the elements of G in k colors. If no such maximal k exists, we set χ gen (G) = ∞.
The following lemma gives a convenient reformulation of our definition.
Lemma 1.2. Let G be a group. The following are equivalent:
(1) χ gen (G) ≥ k.
(2) For each cover G = H 1 ∪ · · · ∪ H k of G by subgroups, there is i with H i = G.
Proof. The first implication is obtained by giving elements of H i \ (H 1 ∪ · · · ∪ H i−1 ) the color i, for each i = 1, . . . , k.
For the second implication, replace each maximal monochromatic set by the subgroup it generates. Lemma 1.3. Let G be a group.
(1) χ gen (G) ≥ 2. 
Lemma 1.5 (Cohn [2]). If H is a quotient (equivalently, a homomorphic image) of a group G, then χ gen (G) ≤ χ gen (H).
Proof. Let ϕ : G → H be a surjective homomorphism. Give each g ∈ G the color of ϕ(g). Then a monochromatic generating subset of G would map to a monochromatic generating subset of H. 
The following theorem is proved in [4] for finite groups, but the proof actually treats the case of torsion groups. Proposition 1.8 (Haber-Rosenfeld [4] ). Let G be a finite (or just torsion) group, and p be the minimal order of an element of G. Then χ gen (G) ≥ p.
Proof. Assume that
Let G = H 1 ∪ · · · ∪ H k+1 be an irredundant cover by subgroups. Pick
For each 0 ≤ n < p, as g n 1 ∈ H 1 and g 2 / ∈ H 1 , we have thatg n 1 g 2 / ∈ H 1 . Assume that p > k. Then, by the pigeonhole principle, there are 0 ≤ m < n < p and
As the minimal order of an element of G is p and 1 ≤ n − m < p, g 1 is a power of g n−m 1 , and thus g 1 ∈ H i , a contradiction. (≥) Let k ≤ min {χ gen (A), χ gen (B)}, and let c : A × B → {1, . . . , k} be a coloring of the elements of A × B in the colors {1, . . . , k}. For each a ∈ A, define c a : B → {1, . . . , k} by c a (b) = c(a, b).
As k ≤ χ gen (B), there is a monochromatic generating set M a of B, of some color i a . Now, define a coloring f : A → {1, . . . , k} by f (a) = i a .
Let M ⊆ A be a monochromatic generating set, say of color i. Let
We claim that I generates A × B. Indeed, fix a ∈ M and b ∈ M a . Then (a, b) ∈ I. Let m be the order of b. As m is coprime to the order of a, (a, e) is a power of(a m , e) = (a, b) m , and thus belongs to I . Similarly, (e, b) ∈ I . It follows that M × {e} , {e} × M a ⊆ I , and therefore A × {e} , {e} × B ⊆ I .
The following result, proved in [6] (4.4), will make it possible for us to reduce the case of arbitrary groups into the case of finite ones. 
Theorem 1.10 (Neumann). For each irredundant cover
(1) N has finite index in G; Proof. (1,2) By Neumann's Theorem 1.10, the subgroup H := H 1 ∩ · · · ∩ H k+1 , being an intersection of finite index subgroups of G, has finite index in G. By Poincaré's Theorem, there is a subgroup N of H such that N is a finite index, normal subgroup of G.
(4) By Lemma 1.5, Lemma 1.7 and (3),
We already obtain a characterization of the case where χ gen (G) = ∞. Theorem 1.12. Let G be a group. The following assertions are equivalent:
Then, by Corollary 1.11, some finite quotient of G has the same finite generating chromatic number, and is thus not cyclic.
It follows, for example, that infinite simple groups (e.g., A ∞ or PSL n (F), n ≥ 3) have infinite generating chromatic number.
Nilpotent groups of finite chromatic number
Proof. (≥) Proposition 1.8.
(≤) Z p × Z p is the union of p + 1 projective lines, the cyclic subgroups generated by the p + 1 elements (0, 1) and (1, 0), (1, 1), . . . , (1, p − 1).
Say that a group G is projectively nilpotent if every finite quotient of G is nilpotent. In particular, every nilpotent, quasi-nilpotent, or pro-nilpotent group is projectively nilpotent. In the finite case, the following theorem was proved by Cohn [2] . The infinite case follows from Corollary 1.11, which in turns follows from Neumann's Theorem 1.10.
Theorem 2.2 (Cohn, Neumann). Let G be a projectively nilpotent group with
χ gen (G) < ∞. Then χ gen (G) is the minimum prime number p such that Z p × Z p is a
quotient of G (and there is such p).
Proof. Let G be a projectively nilpotent group with χ gen (G) < ∞. By Corollary 1.11, we may assume that G is a finite nilpotent group. Write
where each P i is the p i -Sylow subgroup of G. By Lemma 1.9,
Let P = P i be with χ gen (G) = χ gen (P i ), and p = p i .
By Lemma 1.8, χ gen (P ) ≥ p. As P is a noncyclic, its rank r is greater than 1. As P is a p-group, Z r p is a quotient of P , and in particular of G. Thus, χ gen (G) = χ gen (P ) = p and Z p × Z p is a quotient of G. By Lemmata 1.5 and 2.1, there is no smaller prime q such that Z q × Z q is a quotient of G.
General groups
The forthcoming Theorem may be new. Responding to a question of us, Martino Garonzi came up with two alternative proofs of Theorem . One of these proofs uses a powerful result of Tomkinson [8, Lemma 3.2] . 1 We are greatful to Martino Garonzi for this information. We will show, in Section 4, that Theorem 2.2 does not generalize to arbitrary (or even finite solvable) groups. In the present section, we provide a partial generalization of this theorem to arbitrary torsion groups. Recall, from Lemma 1.8, that the premise in the following theorem implies that χ gen (G) ≥ p. (
Proof. (2) ⇒ (1): Proposition 1.8, Lemma 1.5 and Lemma 2.1.
(1) ⇒ (2): Assume that G/N is a quotient of G. The order of each element gN ∈ G/N is ≥ p. Indeed, the order of gN divides the order of g, and is therefore the order of a power of g, which in turn is ≥ p. Thus, let
be an irredundant cover by proper subgroups. Then, by Corollary 1.11, we know G has a finite quotient G/N with χ gen (G/N) = χ gen (G). Since each element of G/N is of order ≥ p we may assume G is finite. We now have by Cauchy's theorem that |G| and i are relatively prime for each i < p.
Let H be a subgroup of G. 
a contradiction. Thus, we may assume that [G :
. As p is prime and
As |H i | ≤ |G| /p for each i,
Thus |H 2 | = |H 3 | = · · · = |H p+1 | = |G| /p, and therefore H 2 , . . . , H p+1 are also normal subgroups of G.
We claim that all elements of G are of order p. Let g ∈ G be with g p = e. We may assume that g ∈ H 1 . Then g p ∈ H 1 . As
. At least two of the p + 2 elements g, h, hg, hg 2 , . . . , hg p are in the same H i . If i = 1, then g, hg j ∈ H 1 for some j and therefore h ∈ H 1 , a contradiction. If i = 2, then similarly g j ∈ H 2 for some j ∈ {0, . . . , p}. As g p / ∈ H 2 , j < p. By Cauchy's theorem, p is the minimal prime factor of |G|. Thus, j is coprime to |G|, and in particular to the order of g. Thus, g ∈ g j ⊆ H 2 , and therefore g p ∈ H 2 , a contradiction. Thus, i > 2. We may assume that i = 3. If g, hg j ∈ H 3 for some j, then h ∈ H 3 , a contradiction. Thus, hg j , hg k ∈ H 3 for some 0 ≤ j < k ≤ p. Then g k−j ∈ H 3 . As k − j < p, g ∈ H 3 and thus also h ∈ H 3 , a contradiction.
Thus, all elements of G are of order p, and in particular G is a p-group. As χ gen (G) = p < ∞, G is not cyclic, and therefore Z p × Z p is a quotient of G.
In the case of 2 colors, we obtain a completely general characterization. Theorem 3.2 (Scorza [7] ). Let G be a group. The following assertions are equivalent:
Proof. (2 ⇒ 1) Lemmata 1.5, 2.1, and 1.3.
(1 ⇒ 2) By Corolllary1.11, we may assume that G is a nontrivial finite group. By Proposition 1.8, the minimal order of a nonidentity element of G is 2. Apply Theorem 3.1.
We will show, in Example 4.7 below, that a 3-colors version of Theorem 3.2 is not true in general.
examples
All results in this section can, alternatively, be derived from Tomkinson's treatment of the general finite solvable case [8] .
One may wonder whether Theorem 2.2 holds for arbitrary groups G, or at least for arbitrary solvable groups. We will show that the answer is negative, in a strong sense.
Recall that the Frattini subgroup of a group G, φ (G), is defined to be the intersection of all maximal subgroups of G, or G if G has no maximal subgroups. Recall that the elements of φ(G) are all the non-generators of G, that is, all elements g ∈ G such that G = g, H implies H = G.
Lemma 4.1. Let H G be a subgroup of the Frattini subgroup φ (G). Then χ gen (G) = χ gen (G/H).
Proof. (≤) By Lemma 1.5.
(≥) Let k = χ gen (G), and let G = H 1 ∪ H 2 ∪ · · · ∪ H k+1 be an irredundant cover of G by subgroups. As each H i is of finite index, we can replace each H i by a group of minimal index containing H i . Thus, for each i, we may asume that H i is maximal, and therefore H ≤ H i . As
Proof. Write Z p ⋊ ϕ Z n = x ⋊ y . x acts on the subgroups of Z p ⋊ ϕ Z n by conjugation. We claim that |[ y ]| = p. Since y is maximal non-normal, N Zp⋊ϕZn ( y ) = y and therefore
x is a subgroup of the cyclic group y x , with the same order as y ∩ y x , we have that y ∩ y x = ( y ∩ y x ) x . Thus, x, y ∈ N Zp⋊ϕZn ( y ∩ y x ), and therefore y ∩ y 
be an irredundant cover of Z p ⋊ ϕ Z n by subgroups. Since each element A ∈ [ y ] is cyclic and maximal,
[
, and therefore x = g −1 y m g for some g ∈ x , m ∈ Z, and thus gxg −1 ∈ y ∩ x = {1}, a contradiction. Thus, p ≤ k.
To prove that p ≥ k, let H i = y ( x i ) for i = 1, . . . , p, and let H p+1 = x y n m . We claim that all intersections H i ∩ H j , i = j, are contained in y n m . First, let i, j ≤ p. As in the case i = 1, j = 2, we have that
Write
. Then x a y nb b ∈ y , and therefore x a ∈ y ∩ x = {1}. Thus,
As
Finally, if ϕ is trivial, then Z p ⋊ ϕ Z n is abelian and Theorem 2.2 applies.
Lemma 4.3. Let n be a natural number and p be a prime number. If ϕ is non-trivial, then
, and therefore x = hx ap for some h ∈ H, a ∈ Z. Thus, x 1−ap ∈ H. Since 1 − ap and p n are relatively prime, we have that x ∈ H, a contradiction. Thus, x p ≤ H.
By Lemma 4.1,
Since Z p n ⋊ ϕ Z m is non-abelian, and therefore non-cyclic, χ gen (Z p n ⋊ ϕ Z m ) < ∞, and therefore
Proof. Lemmata 2.2 and 4.3.
Proof. By induction on m. If m is prime, then Lemma 4.3 applies.
If Z n acts trivialy on Z p
and
By proposition 1.9, since p
and mn/p
are relatively prime,
.
By the induction hypothesis, we are done in this case. If Z n acts nontrivialy on Z p
or p 1 | n, we have that
Thus, for some i, H i / x = G/ x . Since x ≤ H i , we have that H i = G . Assume that x / ∈ H 1 . Take y ∈ H 1 \ (H 2 ∪ · · · ∪ H k ) then at least two of the elements y, x, xy, x 2 y, x 3 y, . . . , x p−1 y are contained in the same H i . If x, x j y ∈ H i then x, y ∈ H i but since y ∈ H i , we have that i = 1. But then x / ∈ H i , a contradiction. If x j y, x t y ∈ H i with j < t we have x t−j ∈ H i . Since t − j < p 1 , t − j and n are relatively prime. Thus, x ∈ H i and we obtain a contradiction as before. Proof. D 2n = r, s : r n = s 2 = e, srs = r −1 ∼ = Z n ⋊Z 2 . If n is even, then χ gen (Z n ⋊ Z 2 ) = 2 by the preceding theorem. Otherwise, let p be the minimal prime factor of n, and let Z p i be the Sylow p-group of Z n . Let y ∈ Z p i \ {e} then sys −1 = y −1 = y . Thus, Z 2 acts nontrivially on Z p i and the result follows from the preceding theorem.
Proof. As the automorphism group of Z 3 has order 2, the action of 2Z on Z 3 by conjugation is trivial, that is, 2Z is in the center of Z 3 ⋊ Z. Now, Z 3 ⋊ Z/2Z = Z 3 ⋊ Z 2 = D 6 . By Lemma 1.5 and Corollary 4.6, χ gen (Z 3 ⋊ Z) ≤ χ gen (D 6 ) = 3. By Theorem 3.2, it remains to prove that Z p × Z p is not a quotient of Z 3 ⋊ Z for any p.
Case 1: p = 3. Assume that Z 3 ⋊ Z/H = Z p × Z p . Write Z 3 ⋊ Z = x ⋊ y . As x 3 = e, the order of xH divides both 3 and p, and is therefore 1. Thus, x ∈ H, that is, Z 3 ≤ H, and by the Third Isomorphism Theorem,
is a quotient of a cyclic group, and thus cyclic, a contradiction.
Thus, x 2 y 3 = xy 3 x −1 ∈ H, and therefore x 2 ∈ H. It follows that Z 3 ≤ H, and we get a contradiction as in Case 1.
We have proved that the generating chromatic number of a nilpotent group is either ∞ or prime. One may wonder whether at least this can be generalized, for solvable groups at least. This is not the case. Proof. A 4 has four maximal subgroups of order 3 and one maximal subgroup of order 4. Together, these groups cover A 4 . Thus, χ gen (A 4 ) < 5. On the other hand, no four of these groups cover A 4 , since the identity elements belongs to them all, and thus the cardinality of their union is at most 1 + 3(3 − 1) + (4 − 1) = 10 < 12.
It can be shown that χ gen (S 4 ) = 3 by verifying that 3 ≤ χ gen (S 4 ) and using that S 3 = D 6 is a quotient of S 4 .
Vector spaces and fields
Definition 5.1. The generating chromatic number of a vector space V , χ gen (V ), is the maximum number of colors k such that there is a monochromatic spanning set for each coloring of the elements of V in k colors. If no such maximal k exists, we set χ gen (G) = ∞.
The proofs of the following two lemmata are similar to those of Lemmata 1.5 and 1.2. 
The proof similar to Lemma 2.1 also establishes the following.
Lemma 5.4. Let F be a finite field. The vector space F 2 satisfies χ gen (F 2 ) ≤ |F|.
Proof. We find |F|+1 proper subspaces that cover
Clearly, for vector spaces V of dimension 1, χ gen (V ) = ∞. The inequality (≥) in the following theorem was proved in Bialynicki-Birula-BrowkinSchinzel [1] . The other inequality was proved, e.g., in Khare [5] . Proof. Assume that there is a finite coloring c with no monochromatic generating set, with a finite, minimal number of colors. For each color i, let F i be the subfield generated by the elements of color i. Let H = i F i . Since, as groups, (F i , +) ≤ (F, +) for all colors i, we have by Neumann's Theorem 1.10 that (H, +) is of finite index in (F, +). If H is finite, then F is finite, and then the multiplicative group F * is cyclic. In particular, F is genrated, as a field, by a single element, which in turn consitututes a monochromatic generating set, a contradiction. If H is infinite, then as F and each F i are vector spaces over the infinite field H, we have by Thorem 5.5 that there is a monochromatic set generating F as a vector space of H, and, in particular, as a field, a contradiction.
Open problems
Tomkinson [8] provides a complete characterization of the generating chromatic number of arbitrary finite solvable groups.
An interesting direction may be to carry out a finer analysis of the case of infinite monochromatic numbers. To this end, defineχ gen (G) as the minimal cardinal number of colors needed to color the elements of G such that there are no monochromatic generating sets. If this number is finite, then it is just χ gen (G) + 1, but in the infinite case, this is the right definition. Some, but not all, of the proofs in this paper extend to the infinite case.
